Abstract. In this paper we study some classes of rings which have a finite lattice of preradicals. We characterize commutative rings with this condition as finite representation type rings, i.e., artinian principal ideal rings. In general, it is easy to see that the lattice of preradicals of a left pure semisimple ring is a set, but it may be infinite. In fact, for a finite dimensional path algebra Λ over an algebraically closed field we prove that Λ-pr is finite if and only if its quiver is a disjoint union of finite quivers of type An; hence there are path algebras of finite representation type such that its lattice of preradicals is an infinite set. As an example, we describe the lattice of preradicals over Λ = kQ when Q is of type An and it has the canonical orientation.
Introduction
A good tool to make a description for the lattice of preradicals over the category of left modules over a ring R is to have a set I of left modules such that every module is isomorphic to a direct sum of modules in I. By results due to Gruson and Jensen (see [10] ), in this case, the set I can be taken to consist of finitely presented and indecomposable modules and, therefore, R is a left pure semisimple ring. Such is the case, for example, of the following classes of rings:
(1) Köthe rings, (2) semisimple artinian rings (see [12] ), (3) local uniserial rings (see [7] ), (4) artin algebras of finite representation type (see [3] ) or, in general, (5) rings of finite representation type.
We recall that it is an open question, known as the pure semisimple conjecture, whether a left pure semisimple ring has finite representation type.
In Section 3 we prove that for a commutative ring R, the lattice of preradicals is finite if and only if R has finite representation type, that is, if and only if R is an artinian principal ideal ring. Since the lattice of preradicals of such a ring is already described in [7] , a consequence is that all finite lattices of preradicals for commutative rings are known.
In the non-commutative case, there are finite representation type rings with an infinite lattice of preradicals. We prove in Section 4 that among all finitedimensional hereditary artin algebras over an algebraically closed field, only those that are Morita equivalent to a finite product of path algebras over quivers of type A n have a finite lattice of preradicals. Finally, in Section 5 we describe some properties of this finite lattice when the quiver of type A n has the canonical orientation.
Our tool-kit to prove these results is the Auslander-Reiten theory applied to the study of the lattice of preradicals of path algebras.
Lattices and preradicals
In this section we list some definitions and propositions that are used later, together with the references where they can be found.
For basic definitions and results on posets and lattices see, for example, [5] and [9] . We just recall a theorem that will be used later on this paper.
The following theorem gives equivalent conditions for the Jordan-Dedekind property in finite posets (see [5, p. 11] and [9, p. 233] ). It will be useful in Section 5 to describe a particular lattice of preradicals.
Theorem 2.1. For a finite poset P with least element 0 and greatest element 1 the following conditions are equivalent:
(a) For any x, y ∈ P all maximal chains between x and y have the same length.
(b) All maximal chains in P have the same length.
(c) There exists a function ρ : P −→ N such that:
(ii) For any x, y ∈ P if y covers x then ρ(y) = ρ(x) + 1.
As in [14, p. 99 ], a finite poset P which satisfies any of the conditions of Theorem 2.1 is called graded and it has rank n if ρ( 1) = n.
Let R be an associative ring with identity. R-Mod denotes the category of all unital left R-modules. The unadorned term R-module means left R-module. The terminology and basic concepts about preradicals can be found in [12] and [13] . A (left) preradical over the ring R is a subfunctor of the identity functor on R-Mod. We denote by R-pr the class of all preradicals over R. Similarly, we define right preradicals and denote by pr-R the class which consists of them. There is a natural partial ordering in R-pr given by σ τ if σ(M ) ≤ τ (M ) for every
The following result is immediate from the definition of preradical, and very important to describe lattices of preradicals.
Proposition 2.2. Let σ ∈ R-pr and let {M γ } γ∈I be a family of R-modules. Then
There are four usual operations in R-pr, namely ∧, ∨, · and : which are defined as follows, for σ, τ ∈ R-pr and M ∈ R-Mod.
The meet ∧ and join ∨ can be defined for arbitrary families of preradicals as in [12] . This makes sense because for any left R-module M , a sum (or an intersection) of submodules of M which is indexed by a class can also be indexed by a set. With the partial ordering described above, R-pr results a complete big lattice, i.e. a class (not necessarily a set) having joins and meets for arbitrary families (indexed by a class) of elements. The smallest and largest elements of R-pr, which are the zero functor and the identity functor of R-Mod, are denoted respectively by 0 and 1. This big lattice is atomic and co-atomic; the atoms and co-atoms are described below. The operation "·" is called product and the operation ":" is called coproduct.
Some preradicals are of particular interest, such as idempotent preradicals, radicals, left exact preradicals and t-radicals. For basic definitions and results on these classes of preradicals see [15, VI. §1], and [4] or [12] .
The following types of preradicals have special importance. 
A preradical is called an alpha preradical (omega preradical) if it is of the form α
Every preradical can be expressed in terms of alpha and omega preradicals. The atoms and coatoms of R-pr are, respectively, {α
E(S) S
| S ∈ R-simp} and {ω R I | I is a maximal ideal of R} (see Theorem 7 of [12] ). We can list some situations in which the lattice of preradicals can be described. Examples 2.6.
(
Then R-pr is lattice isomorphic to the product of the lattices R i -pr. R is an artinian principal ideal ring then R-pr is a finite distributive lattice with 2 m elements, for some m ≥ 1.
Pure semisimple and finite representation type rings
The following definitions can be found in [11] . A ring R is said to be left pure semisimple if every left R-module is pure-injective or, equivalently, if every left R-module is pure-projective.
The condition of having finite representation type is actually left-right symmetric, as was shown by Eisenbud and Griffith [6] .
It is a long standing open question, known as the pure semisimple conjecture, whether a left pure-semisimple is also right pure semisimple. We refer to [11] for an excellent survey on this question.
For further quoting we state the following theorem, which summarizes the characterizations of pure semisimple rings that will be useful to us, as well as the relation between pure semisimple rings and rings of finite representation type. (a) R is left pure semisimple.
(b) Every left R-module is a direct sum of left finitely generated R-modules.
(c) Every left R-module is a direct sum of left indecomposable (finitely generated) R-modules.
(d) Every indecomposable left R-module is finitely presented.
(e) There exists a set I of left R-modules such that any left R-module is isomorphic to a direct sum of modules in I.
If, in addition, R is right pure semisimple then the above statements are further equivalent to (f) R has finite representation type.
(g) All left modules have finite length over its endomorphism ring.
In the case of a commutative ring we can add other equivalent conditions to Theorem 3.2. Recall that an artinian principal ideal ring is a ring which is both left and right artinian and a left and right principal ideal ring.
Theorem 3.3. Let R be a commutative ring. Then R has finite representation type if and only if R is an artinian principal ideal ring.
We recall the following basis-free definition of finite matrix subgroups.
Definition 3.4. Let R be a ring. Let (X, x) be a pointed R-module, i.e. a left R-module X and a "point" x ∈ X. We let H X,x (M ) be the image of the map
Clearly, H X,x can be seen as a subfunctor of the forgetful functor R-Mod → Z-Mod that commutes with products.
We call H X,x a matrix subgroup. If the module X is finitely presented then H X,x is said to be a finite matrix subgroup.
The characterizations in Theorem 3.2 depend on the characterization of Σ-pureinjective modules as the modules satisfying the descending chain condition on matrix subgroups. For commutative rings, a matrix subgroup is a preradical (that commutes with products) so this yields the following characterization of rings of finite representation type in terms of the lattice of preradicals. (a) R is an artinian principal ideal ring.
(b) R-pr is finite.
(c) R-pr is an artinian (and/or noetherian) lattice.
(d) R is a ring of finite representation type.
Proof. If R-pr is noetherian, then any module satisfies the ascending chain condition on finite matrix subgroups and by [16, Theorem 6 ] also the descending chain condition on finite matrix subgroups. Therefore (d) also holds.
(a) ⇒ (b) As an artinian principal ideal ring is a finite product of local artinian principal ideal rings, the implication follows from Examples 2.6.
. R is a commutative finite local ring with 8 elements, but it is not a principal ideal ring, so R-pr is infinite and neither artinian, nor noetherian by Theorem 3.5.
Let R be a ring, and assume that we can fix a set I of left R-modules such that any module is isomorphic to a direct sum of copies of modules in I. By Theorem 3.2, if such a set I exists then R is a left pure semisimple ring and I can be taken to be a set of representatives of isomorphism classes of finitely presented indecomposable left R-modules.
Let N ∈ X∈I L(X). For simplicity, we write N X instead of N (X) and (N X ) X∈I instead of N . The following concept generalizes fully invariant submodules.
The family of all I-compatible sets of submodules will be denoted as C R I . The set C R I is a partially ordered set with the component-wise order. That is (N X ) X∈I ≤ (N X ) X∈I if and only if for any X ∈ I, N X ⊆ N X . It is easy to see that C R I is in fact a lattice.
Remark 3.8. Notice that:
Proof. By Definition 2.3 and since N ∈ C
As a consequence we have a functor between partially ordered sets. λ R : R-pr → C R I such that for each σ ∈ R-pr, λ R (σ) is the I-compatible set such that for each
The definition of order in R-pr implies that λ R is indeed a functor, and Remark 2.5 implies that µ R is an order morphism. By Lemma 3.9,
show in the next result that one is inverse of each other. Proposition 3.10. Let R be a left pure-semisimple ring, and fix a set I of left R-modules such that any left R-module is isomorphic to a direct sum of copies of modules in I. The functor λ R : R-pr → C R I is an equivalence with inverse µ R . Therefore R-pr and C R I are isomorphic lattices.
Proof. We have only to prove that µ
. We conclude that λ R and µ R are order, and hence lattice isomorphisms, one inverse to each other.
As a consequence we have the following important property for left pure semisimple rings.
Corollary 3.11. Let R be a left pure semisimple ring then the class R-pr is a set.
If the set I of indecomposable finitely presented modules is finite, that is, if R is of finite representation type, and L(X) is finite for each X ∈ I then R-pr is finite.
The class of rings such that R-pr is a set is not determined. Our guess is that it might well coincide with the class of left pure-semisimple rings.
Corollary 3.12. Let R be a ring of finite representation type. Let U be a left R-module that is an injective cogenerator of R with finite dual Goldie dimension.
Set T = End R (U ), then R-pr is anti-isomorphic to pr-T .
Proof. By hypothesis, R U is linearly compact. Therefore, the bimodule R U T induces a Morita duality between R and T . Therefore T is a right artinian ring.
By a well known result of Auslander [2, Theorem 3.1], for a right artinian ring T the condition of being of finite representation type can be characterized in terms of sequences of morphisms between finitely presented right T modules. This condition is preserved via Morita duality, so T is also a ring of finite representation type.
Let I be a set of representatives of the indecomposable finitely generated left R-modules. Since the duality takes indecomposable modules to indecomposable modules,
is a set of representatives of the indecomposable right T -modules.
The duality gives a lattice anti-isomorphism
for each X ∈ I. In view of Proposition 3.10, ϕ yields the claimed lattice antiisomorphism between R-pr and pr-T .
Finite lattices of preradicals for path algebras
For basic definitions and results on artin algebras, quivers and their representations the reader can see [1] or [3] . Let us first recall some basic facts about path algebras that will be useful for this paper.
Remark 4.1. Let Q = (Q 0 , Q 1 ) be a finite quiver, with set Q 0 of n vertices and a finite arrows set Q 1 . We assume that Q has not oriented cycles. Let Λ = kQ be the path algebra of the quiver Q over the field k. Then:
(1) If e i is the trivial path corresponding to the vertex i then {Λe 1 , . . . , Λe n } is a complete irrendundant set of projective indecomposable Λ-modules.
(2) For each i, j ∈ Q 0 , e j Λe i has as a k-basis all the paths from i to j. A n :
As we said in the introduction of this paper, concerning with preradicals over artin algebras of finite representation type, we can focus on their behavior only on the finite set Λ-ind of the indecomposable finitely generated modules. This leads us to study just the finite-dimensional representations of the quiver associated to the artin algebra.
The following concepts can be found in [3, V.5, V.7 and VII]. Let M and N be modules. A homomorphism f : M → N is an irreducible morphism if f is neither a split monomorphism nor a split epimorphism, and if f = hk for some h : M → X and k : X → N then h is a split monomorphism or k is a split epimorphism. Let Λ be an artin algebra and let M, N ∈ Λ-mod. The radical of Hom Λ (M, N ) is defined as rad Λ (M, N ) = {f ∈ Hom Λ (M, N ) | hf g is not an isomorphism for any
We recall the following result. Example 4.5. Let A n be the oriented quiver:
A complete set of representatives of the isomorphism classes of indecomposable projective Λ-modules is {P 1 , P 2 , . . . , P n } where:
The AR-quiver of Λ is:
. . .
For each Λ-module P i we denote by rP i the Jacobson radical of P i . Observe that for each 1 ≤ i ≤ n the composition length of P i is c(P i ) = i and the lattice of submodules of P i is the chain 0 = r i P i < r i−1 P i < · · · < rP i < P i . The corresponding irreducible homomorphisms between representatives that appear in the AR-quiver are natural monomorphisms, corresponding to arrows that go upwards, and natural epimorphisms, corresponding to arrows that go downwards.
In view of Corollary 3.11, in the case of an artin algebra of finite representation type Λ, I-compatible sets of submodules, and so, Λ-preradicals, can be determined by the AR-quiver Γ Λ , as follows. Lemma 4.7. Let R be a ring, and let X be a left R-module of finite length. If X has no repeated composition factors then L(X) is finite.
In particular, if k is any field, and Λ is the path k-algebra over a quiver of type A n then L(X) is finite for any indecomposable Λ-module X.
Proof. It follows easily by induction on the length of X.
Corollary 4.8. Let k be an algebraically closed field and let Q a quiver of type A n .
Then the path algebra kQ has a finite lattice of preradicals.
Proof. The number of appearances of the n different simple modules as composition factors of a given indecomposable modules over kQ is classified by the positive roots of the Tits integral quadratic form, in n variables x 1 , . . . , x n , q(x 1 , . . . ,
It is well known that all such roots have only 0 and 1 as entries. By Lemma 4.7, each indecomposable module over kQ has a finite lattice of submodules and, by Theorem 4.3, it has finite representation type. By Proposition 3.10, the lattice of preradicals of kQ is finite.
Lemma 4.9. Let R be a left hereditary ring. Let S be a simple left R-module such that its injective hull E has finite length. Then S appears only once as a composition factor of E.
Proof. Let F be a submodule of E such that Soc(E/F ) ⊆ S. As R is left hereditary, E/F is injective so it contains an injective hull of S as a direct sum.
As the injective hull of a module is unique up to isomorphism, we deduce that length(E/F ) ≥ length(E). Hence F = 0, which implies that S appears only once as a composition factor of E. Proposition 4.10. Let R be a left hereditary ring, and let S be a simple left Rmodule such that its injective hull E(S) has finite length. Fix n ≥ 0. If M is a left R-module of finite length such that S appears n times as a composition factor of
Proof. If n = 0 then take N = 0. Assume that n > 0 and that the statement is true for modules of finite length such that S appears m times as a composition factor where m < n.
Let K be a submodule of M minimal with respect to the property that Soc(M/K) contains a submodule isomorphic to S. The minimality of K implies that M/K has n composition factors isomorphic to S. Hence, we can assume that S ⊆ Soc(M ), and we can fix a decomposition E(M ) = E(S) ⊕ E, where E(M ) denotes the injective hull of M .
Let π : M → E(S) denote the restriction of the canonical projection. By Lemma 4.9, π(M ) only has one composition factor isomorphic to S, therefore Ker π has n − 1 composition factors isomorphic to S. By the inductive hypothesis, there exists N ≤ Ker π such that Soc(Ker π/N ) contains a submodule X isomorphic to S n−1 .
Then Soc(M/N ) contains X ⊕ S which is isomorphic to S n .
Corollary 4.11. Let k be an infinite field. Let Λ be a hereditary finite dimensional k-algebra such that it has an indecomposable module of finite length M such that
(ii) a composition series of M has repeated factors.
Then the lattice of preradicals of Mod-Λ is infinite.
Proof. Condition (i) ensures that all submodules of M are invariant. Since Λ is finite dimensional, the injective hull of any simple left Λ-module has finite length so that we can apply Proposition 4.10 to deduce that there exists N ≤ M such that Soc(M/N ) ⊇ S n for some simple module S and some n ≥ 2. Since k is infinite, the lattice of submodules of M containing N is also infinite. Now for each one of these submodules we can construct the preradicals in Definition 2.3, this yields an infinite family of preradicals in Mod-Λ. 
. Therefore in all cases there is a finite length module over Λ with repeated composition factors. Now we are ready to prove a characterization of hereditary finite-dimensional algebras with a finite lattice of preradicals. Theorem 4.13. Let Λ be a finite-dimensional hereditary algebra over an algebraically closed field k. Then Λ-pr is finite if and only if its basic subalgebra is a product of indecomposable algebras each one having Gabriel quiver of type A n .
Proof. Assume that Λ-pr is finite. Since Λ is Morita equivalent to its basic subalgebra, me may assume that Λ is basic. A basic artin algebra is a finite product of indecomposable basic artin algebras, thus we may also assume that Λ is basic, indecomposable and hereditary (see Examples 2.6 (1) and (2) Hence, Q is of type A n .
The lattice of preradicals of a specific path algebra
In this section we study the finite lattice of preradicals over Λ = kQ, where k is an algebraically closed field and Q is the quiver of Dynkin type A n with the canonical orientation, as in example 4.5. First we recall that Λ is a left pure semisimple ring, where (see Theorem 3.2) I = Λ-ind can be taken as the set
where X i,j = P n+i−j /r i P n+i−j , as in the AR-quiver of Example 4.5. We have the following properties of these Λ-modules, including those stated in Corollary 4.4.
Recall that a module is called uniserial if its lattice of submodules is a chain. If
X is a module of finite length, the denote by c(X) its composition length.
Proposition 5.1. For each 1 ≤ i ≤ j ≤ n let X i,j as above. Then:
(1) X i,j is a uniserial module.
(3) Every submodule of X i,j is fully invariant.
We consider irreducible homomorphisms between elements of I as follows.
X n,n gn,n X n−1,n fn−1,n ? ?
. . . ? ?
For each i, j the f i,j are natural inclusions and the g i,j are natural epimorphisms.
Let T n be the set of all triangular arrays
with entries c i,j ∈ N for 1 ≤ i ≤ j ≤ n satisfying the following conditions:
In T n we can define order, join and meet coordinate-wise. In other words:
This defines a lattice 
which is condition (3). This proves that [c i,j ] ∈ T n . Now we define the function ψ :
We claim that Y ∈ C Λ I . To prove this we use Corollary 4.6. So let h : X → X be an irreducible morphism, where X, X ∈ Λ-ind. Then there must be an arrow
[X] → [X ] in the AR-quiver of Λ so that either X = X i,j and X = X i+1,j for some 1 ≤ i < j ≤ n, or X = X i,j and X = X i−1,j−1 for some 2 ≤ i ≤ composition length c i,j ≤ c i+1,j , due to the fact that [c i,j ] ∈ T n . Since every X i,j is uniserial we must have h(Y i,j ) ≤ Y i+1,j . In the second case h must be an epimorphism, so that X i,j /Ker(f ) ∼ = X 
